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In contrast to the ordinary spin Hall effect (SHE), which is a single-body phenomenon caused
by the spin-orbit interaction (SOI), we propose a many-body SHE induced by the dipole-dipole
interaction (DDI) between particles and demonstrate it in a system of ultracold magnetic atoms.
While the SOI usually requires the breaking of space inversion symmetry, the DDI preserves it.
The many-body SHE can, in principle, be observed in a wide range of systems with large dipole
moments and offers a powerful tool to generate spin currents, an essential ingredient in spintronics
and atomtronics.
Introduction. The spin Hall effect (SHE), first pro-
posed for electrons by Dyakonov and Perel [1], is a
single-body phenomenon in which carriers undergo a
spin-dependent force that deflects their trajectories in
the perpendicular direction. This force is reminiscent
of the Lorentz force but has the opposite directions for
spin-up and spin-down particles. With the SHE, one
can generate a nonzero spin current js = j↑ − j↓ at
zero net particle current j = j↑ + j↓ [2]. The SHE was
first observed in GaAs [3–6] and later in a Bose-Einstein
condensate (BEC) of 87Rb under a spin-dependent ar-
tificial gauge field [7] and in the propagation of light
through an air-glass interface [8, 9]. Here, particles
with (pseudo)spin-1/2 are electrons, atoms with hyper-
fine spins and circularly-polarized photons. The spin cur-
rent generated by the SHE has found important appli-
cations in the field of spintronics for a new generation
of magnetic random access memories [10, 11]. More-
over, the SHE serves as an efficient mechanism to ma-
nipulate spins in antiferromagnets, which have inherent
advantages over ferromagnets as being natural materials
for nonvolatile, radiation- and magnetic-field-insensitive
technologies [12–14].
The above ordinary SHE originates from the spin-
orbit interaction (SOI) [15–17]. This single-body in-
teraction induces the SHE through either an intrin-
sic mechanism, in which particles experience a spin-
dependent magnetic field generated directly by the SOI,
or an extrinsic mechanism that requires an interplay be-
tween the SOI and impurity scattering in solid materi-
als. The typical SOIs including the Rashba and Dressel-
haus SOIs requires the breaking of space inversion sym-
metry (SIS). Examples include noncentrosymmetric zinc-
blende or wurtzite semiconductors [17, 18] and quantum
wells with broken structural inversion symmetry along
the growth direction [19, 20]. In this paper, we pro-
pose a many-body SHE induced by the dipole-dipole in-
teraction (DDI). The DDI couples the spin and orbital
degrees of freedom in a way similar to the SOI [21–
24] but preserves the SIS unlike the Rashba and Dres-
selhaus SOIs. The many-body SHE can, in principle,
be observed in a diverse group of many-body systems
whose constituent particles possess electric or magnetic
dipole moments. Examples include ultracold heteronu-
clear molecules (40K87Rb [25–27], 87Rb133Cs [28, 29],
23Na40K [30], 23Na87Rb [31]), ultracold atoms with large
magnetic dipole moments (52Cr [21–23, 32], 168Er [33],
164Dy [34]), Rydberg gases [35], solid-state electronic ma-
terials with small or vanishing SOI, spin-triplet dimer ex-
citations in quantum antiferromagnets [36], and nuclear
and electronic spins of nitrogen-vacancy (NV) centers in
diamond [37, 38]. As a concrete example, we investigate
the spin dynamics of an ensemble of ultracold 52Cr atoms
loaded into an optical lattice [22, 23] and show that the
many-body SHE can be observed experimentally.
Many-body SHE with SIS. An ordinary SHE is gener-
ated by the SOI that often requires the breaking of SIS.
However, the SHE itself may occur in systems with SIS.
Indeed, under space inversion, both the spin current den-
sity js and the applied electric field E change their signs,
but the spin conductivity matrix σs remains unchanged
(js = σsE). The SHE is therefore compatible with the
SIS and should appear in systems where the spin and or-
bital degrees of freedom (DOF) are coupled to each other
in a way that preserves the SIS. To this end, the inter-
action Hamiltonian must be even in each of these DOFs.
Moreover, for a many-body SHE we need an anisotropic
interaction H(sˆi, sˆj, rij) between particles such that the
spin DOFs are coupled to vectorial orbital DOFs rather
than scalar ones. These requirements are satisfied by the
dipole-dipole interaction (DDI) [39]
Hdd(dˆi, dˆj , rij) = C
dˆi · dˆj − 3(dˆi · eij)(dˆj · eij)
4πr3ij
. (1)
Here rij = |rij | is the distance between two dipole mo-
ments dˆi and dˆj , eij = rij/rij , and C = 1/ǫ0 (µ0)
for electric (magnetic) dipoles with ǫ0 and µ0 being the
vacuum permittivity and permeability, respectively. It
is evident that the right-hand side of Eq. (1) is invari-
ant upon the space inversion transformation: ri → −ri,
rj → −rj, and rij → −rij . It is also clear that the
2DDI couples the spin and orbital degrees of freedom in
such a manner that the total angular momentum is con-
served. To this end, the DDI can be decomposed as
Hdd(dˆi, dˆj , rij) = H
δL=0
ij +H
δL=±2
ij [21, 23, 24], where
HδL=0ij =
C
4πr3ij
(
dˆ−1i dˆ
1
j + dˆ
1
i dˆ
−1
j
2
+ dˆzi dˆ
z
j
)
, (2)
HδL=±2ij =−
3C
8πr3ij
(
dˆ1i dˆ
1
je
−2iφij + dˆ−1i dˆ
−1
j e
2iφij
)
. (3)
Here, dˆ±1j ≡ ∓(dˆxj ± idˆyj )/
√
2 are the spherical har-
monic components of the dipole-moment operator dˆj ,
and (rij , φij) are the polar coordinates of rij . While
HδL=0ij conserves both the spin and orbital angular mo-
menta, HδL=±2ij raises (lowers) the spin angular momen-
tum by two and simultaneously lowers (raises) the or-
bital angular momentum by the same amount so as to
conserve the total angular momentum. It is this DDI-
induced spin-orbit coupling that gives rise to the many-
body SHE proposed in this paper.
Many-body SHE in ultracold magnetic atoms. In the
following, for the sake of concreteness we consider a sys-
tem of 52Cr atoms loaded into a two-dimensional (2D)
optical lattice in the xy plane [22, 23] (see Fig. 1). As
shown below, the many-body SHE can be demonstrated
in the Mott-insulator regime where atoms are strongly
localized at the lattice sites, leaving only their internal
degrees of freedom free. The energy degeneracy of spin
states |S = 3,mS = 3, · · · ,−3〉 of chromium atoms can
be lifted by using a light-induced quadratic Zeeman shift
(via the ac Stark effect) [40, 41], which preserves the SIS.
In the following, we restrict our consideration to the case
in which the energy shift is sufficiently large so that the
spin dynamics governed by the DDI essentially involves
only three spin states |mS = 1, 0,−1〉. In a general case
that involves more spin states, the system’s dynamics is
more complex; however, our prediction should not change
at least qualitatively if the definition of spin current is
generalized to include all spin states.
If the fraction of atoms in the excited states |mS = ±1〉
is small, the last term (dˆzi dˆ
z
j ) in Eq. (2) becomes negli-
gibly small compared with the other terms in the DDI.
In this case, the spin dynamics of the atomic ensemble
can be mapped onto the dynamics of a system of free
spin-1/2 particles where the two spin states |mS = 1〉
and |mS = −1〉 correspond to the spin-up and spin-down
states, respectively, while the ground state |mS = 0〉 rep-
resents the vacuum for those particles. From the energy
conservation, it is clear that the term dˆ1i dˆ
1
j in Eq. (3)
makes the state transition at site i (j) from |mS = −1〉
(|mS = 0〉) to |mS = 0〉 (|mS = 1〉), which implies that
the state |mS = −1〉 is transferred from i to j followed
by a spin flip |mS = −1〉 → |mS = 1〉. Similarly, the
term dˆ−1i dˆ
−1
j causes the state transition at site i (j) from
|mS = 1〉 (|mS = 0〉) to |mS = 0〉 (|mS = −1〉), which
implies that the state |mS = 1〉 is transferred from i to
|­ñ |¯ ñ
|­ñ
|¯ ñ
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FIG. 1: Many-body SHE in a system of ultracold magnetic
chromium atoms. (a) Spin states |mS〉 := |S = 3,mS〉
(mS = 3, · · · ,−3) of chromium atoms, where S and mS de-
note the spin quantum number and its projection onto the
quantization axis, respectively. The energy degeneracy of spin
states is lifted by a light-induced quadratic Zeeman shift. (b)
Schematic illustration of the many-body SHE. Atoms (red
spheres) are placed at lattice sites of a two-dimensional op-
tical lattice in the xy plane and interact with each other by
the DDI. The atomic spin dynamics is mapped to a system of
moving spin-1/2 particles in which two spin states |mS = ±1〉
represent the spin-up and spin-down states. An effective elec-
tric field Eeff (green arrow) drives the particles in the x direc-
tion, and spin-up and spin-down particles are deflected oppo-
sitely towards the +y and −y directions, respectively. This
many-body SHE produces a nonzero spin current at zero net
particle current, which can directly be measured with a Stern-
Gerlach experiment.
j followed by a spin flip |mS = 1〉 → |mS = −1〉. The
second-quantized DDI Hamiltonian of the system then
reads [24]
Hdd = t0
∑
i,j 6=i
σ=↑↓
bˆ†iσ bˆjσ
r3ij
+ t2
∑
i,j 6=i
e−2iφij bˆ†i↑bˆj↓ + e
2iφij bˆ†i↓bˆj↑
r3ij
,
(4)
where bˆjσ (bˆ
†
jσ) is the annihilation (creation) operator
of a particle with spin σ =↑, ↓ at lattice site j. The
first term on the right-hand side of Eq. (4) describes
a spin-conserving tunneling, while the second term de-
scribes tunneling accompanied by a spin flip, where
t0 = −3Cd2/(4π), t2 = 3t0, and d = gµB with g and
µB being the Lande´ g-factor and the Bohr magneton,
respectively. It is noteworthy that the effective Hamilto-
nian (4), which is obtained by neglecting the last term
in Eq. (2), also preserves the SIS as the original Hamil-
tonian (1). In fact, the space inversion transformation
makes φij → φij + π and in turn e±2iφij invariant. Due
to the translation invariance of the system, Hdd can be
expressed as Hdd =
∑
k
(
bˆ†k↑, bˆ
†
k↓
)
H
(
bˆk↑
bˆk↓
)
, where
H =
(
t0f
(0)(k) t2f
(2)(k)
t2f
(2)(k)∗ t0f
(0)(k)
)
, (5)
bˆkσ ≡ (1/N2)
∑
j e
−ik·rj bˆjσ (N is the number of lattice
sites in one direction), f (0)(k) = N2
∑
rj 6=0
e−ik·rj/r3j
3and f (2)(k) = N2
∑
rj 6=0
e−ik·rje2iφj/r3j . The diagonal-
ization of Eq. (5) gives
H = E(0)
(
bˆ†0↑bˆ0↑ + bˆ
†
0↓bˆ0↓
)
+
∑
k 6=0
ξ=±
Eξ(k)bˆ
†
kξ bˆkξ, (6)
where E(0) = t0f
(0)(k = 0), E±(k) = t0f
(0)(k) ±
t2|f (2)(k)| and bˆk+ = (eiθk bˆk↑ + bˆk↓)/
√
2, bˆk− = (bˆk↑ −
e−iθk bˆk↓)/
√
2 with θk being the phase of f
(2)(k). In the
following, we show that the SHE emerges if an external
force is applied to these spin-1/2 particles.
Spin Hall conductivity. Since the spin-up and spin-
down particles correspond to the |mS = ±1〉 spin states
of the atoms, a force exerted on those particles can
be generated by, for example, a spatial gradient of the
light intensity that induces a quadratic Zeeman shift
in the energy levels. This force plays the role of an
effective electric field for the spin-1/2 particles, which
can be expressed in terms of an effective vector poten-
tial as Eeff(r, t) = −∂Aeff(r, t)/∂t. In the presence
of a vector potential, the Hamiltonian H of the sys-
tem is obtained through the replacement of the momen-
tum operator pˆ with pˆ − Aeff(rˆ, t) to ensure the local
gauge invariance. The first-order perturbation of the
Hamiltonian is given by δH = − ∫ dr jˆp(r) · Aeff(r, t),
where jˆp(r) = 12 {nˆ(r), vˆ} is the paramagnetic compo-
nent of the particle-current density operator [42]. Here,
the curly brackets denote the anticommutator and the
particle-density and group-velocity operators are given
by nˆ(r) = δ(r − rˆ) and vˆ = ∂H
∂pˆ
, respectively. From
Eq. (5), the group-velocity operator is found to be
vˆ =
1
~
(
t0g
(0)(pˆ/~) t2g
(2)(pˆ/~)
t2g
(2)(pˆ/~)∗ t0g
(0)(pˆ/~)
)
, (7)
where g(0),(2)(k) ≡ ∇kf (0),(2)(k). The total particle-
current density is given by the sum of the paramagnetic
and diamagnetic components, where the latter is given
by the product of the particle density and the vector
potential. In the linear-response regime, the paramag-
netic particle-current density in the frequency domain
is given by jpα(r, ω) =
∑
β
∫
dr′Kα,β(r, r
′, ω)Aβ(r
′, ω),
where α, β = x, y, z and Kα,β(r, r
′, ω) is the para-
magnetic response function. Since the total particle
current should vanish at the zero-frequency limit,
where the vector potential becomes time independent,
leading to the vanishing electric field, the diamagnetic
current can be expressed in terms of the paramag-
netic response function Kα,β(r, r
′, ω = 0) at zero
frequency. Summing the two components, we ob-
tain the total particle-current density as jα(r, ω) =∑
β
∫
dr′ [Kα,β(r, r
′, ω)−Kα,β(r, r′, ω = 0)]Aβ(r′, ω).
Now, the spin-current density operator with the z-
axis polarization is given by jˆzs (r) =
~
4
{
σˆz , jˆ(r)
}
,
where σˆz = diag(1,−1) is the Pauli matrix [6].
This spin current can be measured directly by
the Stern-Gerlach experiment [43]. As the vector
potential is related to the electric field in the fre-
quency domain by A(r, ω) = E(r, ω)/(iω), the spin
conductivity matrix is given by (χs)αβ(r, r
′, ω) =
[(Ks)α,β(r, r
′, ω) − (Ks)α,β(r, r′, ω = 0)]/(iω), where
(Ks)α,β(r, r
′, ω) is the paramagnetic response function
of the spin current.
As an initial state that preserves the SIS, we consider
the case in which half of the spin-1/2 particles are initially
prepared in the eigenstate |Ψ1〉 = |q,+〉 of the Hamilto-
nian (6) with a momentum ~q 6= 0 and the other half
in the eigenstate |Ψ2〉 = | − q,+〉. Such an initial state
can be realized, for example, by using a pair of indepen-
dent counter-propagating laser beams with appropriately
chosen directions and polarizations to excite the atomic
ensemble. Note that in contrast to the case of the Rashba
SOI, here the spin components of |q,+〉 and |−q,+〉 are
identical, reflecting the fact that the system preserves the
SIS. Using the linear-response theory, the paramagnetic
response function is found to be
(Ks)αβ(r, r
′, ω) =− 1
4π
2∑
j=1
∑
n
[
〈Ψj |(jˆps )zα(r)|ψn〉〈ψn|jˆpβ(r′)|Ψj〉
E0 − En − ~ω + iη +
〈ψn|(jˆps )zα(r)|Ψj〉〈Ψj |jˆpβ(r′)|ψn〉
E0 − En + ~ω − iη
]
, (8)
where η is an infinitesimal positive number and the sum
is taken over all eigenstates |ψn〉 of Hamiltonian (6). Here
E0 is the eigenenergy of |Ψ1,2〉 andEn is that of |ψn〉. The
matrix elements in Eq. (8) can be evaluated straightfor-
wardly. As the unperturbed system is translation invari-
ant, both (Ks)αβ(r, r
′, ω) and (χs)αβ(r, r
′, ω) are func-
tions of r − r′. By making the Fourier transformation
(χs)αβ(k, ω) =
∫
d(r− r′)e−ik·(r−r′)(χs)αβ(r− r′, ω) and
taking the limits of k→ 0 and ω → 0, which corresponds
to a homogeneous and static driving force, we obtain
4(χs)αβ(k→ 0, ω → 0) = t0t2
2πS
∑
p=±q
g
(0)
α (p)Im
{
eiθp
[
−g(2)β (p) + e2iθpg(2)β (p)∗
]}
[E+(p)− E−(p)]2 , (9)
1.0
0.5
-0.5
0 ππ−
φ
q
s( )xyχ
FIG. 2: Dependence of the spin Hall conductivity (χs)xy on
the direction of the initial excitation with wavevector q. Here
q = (q, φq) are the polar coordinates, and (χs)xy is shown
in units of 1/[π(Nqa)2], where a and N are the lattice con-
stant and the number of lattice sites in a linear dimension,
respectively.
where S = (Na)2 is the area of the lattice. In the
long-wavelength limit ka ≪ 1 (a is the lattice con-
stant) and for the square lattice, f (0)(k) and f (2)(k) have
the asymptotic forms of a3f (0)(k)/N2 ≃ A − 2πka and
a3f (2)(k)/N2 ≃ 2πikae2iφk/3, where A ≃ 9.03 is a con-
stant and φk is the azimuthal angle of k. Therefore, for
qa≪ 1 the spin Hall conductivity (χs)xy(k→ 0, ω → 0)
reduces to
(χs)xy =
cos(4φq) cos
2(φq)
π(Nqa)2
. (10)
The dependence of (χs)xy on the direction of the initial
momentum (angle φq) is shown in Fig. 2, demonstrating
the characteristic anisotropy of the DDI [Eq. (1)] and the
π-periodicity which arises from the fact that two quanta
of the angular momentum are transferred between the
spin and orbital degrees of freedom by the DDI.
Numerical simulation. In deriving the spin Hall con-
ductivity analytically [Eq. (10)], we have assumed that
the fraction of atomic excitations, i.e., the ratio of the
number of atoms in the |mS = ±1〉 spin states to that of
atoms in the |mS = 0〉 ground state, is sufficiently small
so that the interaction between excitations [the last term
in Eq. (2)] can be neglected. As numerically demon-
strated below, this assumption can be removed without
changing qualitatively the physics we are interested in.
In the numerical simulation, atoms are located at the
sites of a 3 × 3 square lattice with unit filling, i.e., one
atom per site. Initially, all atoms are prepared in the
|mS = 0〉 ground state. Atoms at the left edge are then
excited to the superposition state: (|mS = 1〉 + |mS =
−1〉)/√2 (see Fig. 3a). An effective electric field Eeff for
those excitations is applied in the x direction as described
by an energy potentialHE = Eeff
∑
j xj Pˆ
0
j , where xj and
x
y
effE
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FIG. 3: Dynamical simulation of the many-body SHE in a sys-
tem of ultracold magnetic atoms. (a) Initially, all atoms are
prepared in the |mS = 0〉 ground state (green circles). Atoms
at the left edge are then excited to the superposition state:
(|mS = 1〉 + |mS = −1〉)/
√
2 (orange circles). An effective
electric field Eeff is applied in the x direction, whose magni-
tude is taken to be Eeffa = ǫdd/4, where ǫdd = Cd
2/(4πa3)
is the characteristic energy scale of the DDI. (b) Time evolu-
tions of the magnetization Mz(rj) = 〈Pˆ 1j − Pˆ−1j 〉 of molecules
at four lattice sites. Here, Pˆ±1j are the projection operators
onto the spin states |mS = ±1〉 at lattice site j. The time t
is measured in units of ~/ǫdd.
Pˆ 0j are the x-coordinate and the projection operator onto
the |mS = 0〉 ground state of the atom at lattice site j,
respectively. The time evolution of the system is obtained
by using the exact diagonalization method.
Figure 3b shows the short-time evolutions of the mag-
netizations Mz(xj , yj) = 〈Pˆ 1j − Pˆ−1j 〉 of atoms at four
lattice sites (xj , yj) = (1, 2), (1, 3), (3, 2) and (3,3). Here,
Pˆ±1j are the projection operators onto the spin states
|mS = ±1〉 of an atom at lattice site j. It is evident that
Mz negatively increases for atoms at the bottom edge and
positively increases for atoms at the top edge, while their
absolute values are almost equal. These spin accumula-
tions offer the evidence of the SHE and can directly be
measured experimentally. The time scale of the spin Hall
dynamics shown in Fig. 3b is given by τ = ~/ǫdd, where
ǫdd = Cd
2/(4πa3) is the characteristic energy scale of the
DDI. Using the parameters of the 52Cr [44], we find that
τ ≃ 25 ms, which makes the many-body SHE observable
in current experiments.
Concluding remarks. We have proposed the many-
body SHE induced by the DDI between particles, which
is in marked contrast to the ordinary SHE that is
a single-body phenomenon generated by the SOI. We
have demonstrated both analytically and numerically
the many-body SHE in a system of ultracold magnetic
chromium atoms. Moreover, the observation of many-
5body SHE, in general, does not require a Bose-Einstein
condensate [45].
Although the spin and orbital degrees of freedom are
coupled to each other by both the DDI and SOI, the
couplings themselves are totally different, leading to im-
portant differences between the SHEs caused by the two
interactions. While the SOI is purely a single-body ef-
fect, the coupling induced by the DDI is of an intrin-
sic many-body nature. Whereas the ordinary SHE with
SOI often requires SIS breaking, the many-body SHE in-
duced by the DDI can occur in systems with SIS. More-
over, in contrast to the isotropic SOI, the characteristic
anisotropy of the DDI is clearly reflected in the strong
dependence of the spin Hall conductivity on the direc-
tion of the initial momentum. It is also noteworthy that
the many-body SHE is fundamentally different from the
magnon Hall effect [46–48] which typically arises from
a nonzero Dzyaloshinskii-Moriya interaction that breaks
the SIS and plays a role similar to the SOI in the ordinary
SHE. The magnon Hall effect can also be observed in the
case of magnetostatic spin waves [49] where the restric-
tion of the action of the magnetic DDI between spins to
one spatial dimension results in the demagnetizing field
that plays a role similar to the single-body SOI in the
ordinary SHE. In contrast, there is no restriction on the
action of the DDI that constitutes the many-body SHE
which works in general even in the strongly correlated
regime where the concept of quasiparticles is no longer
valid.
In the case of clean systems such as ultracold atoms
and molecules, the divergence of the longitudinal con-
ductivity makes it difficult to reach a steady state. The
spin Hall conductivity, however, can be obtained by ex-
trapolating from the time evolution of magnetization at
the edges of the system (see Fig. 3). In contrast, the
steady state should be reached in solid-state electronic
systems due to the impurity scattering, which makes the
spin Hall conductivity directly measurable. In consider-
ing the effect of impurity scattering, however, it is neces-
sary to take account of the vertex correction, which can
dramatically change the spin Hall conductivity as shown
for the ordinary SHE with the Rashba SOI [50]. In this
case, a similar definition of the spin Hall angle [2] can be
introduced to characterize the dimensionless magnitude
of the many-body SHE.
Concerning the strength of interaction, although the
magnitude of magnetic DDI is generally smaller than
that of the electric DDI by a factor of α2, where α =
e2/(4πǫ0~c) is the fine structure constant, the magnetic
DDI and the electric SOI share the same scaling with
respect to the fine structure constant. Therefore, the
proposed many-body SHE can find wide application not
only in systems whose particles possess an electric dipole
moment but also in numerous space-inversion-symmetric
systems with magnetic dipole moments where the SOI is
negligibly small.
Using the SOI, the single-body quantum SHE charac-
terized by a unidirectional edge spin transport, i.e., edge
states with opposite spins propagating in opposite direc-
tions, has been observed in both electronic [51, 52] and
photonic [53] materials, and it gives rise to a new and
important class of materials, namely topological insula-
tors [54, 55]. Similarly, the many-body SHE can open
new avenues for studies of as yet unexplored classes of
many-body topological materials in which inter-particle
interactions play an essential role.
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